Water and heat interact in the process of freezing for the saturated soil. And for the salinized soil, water, heat, and salt interact in the freezing process, because salinized soil has soluble salt. In this paper, a one-dimensional mathematical coupled model of hydraulic-thermal-salt is established. In the model, Darcy's law, law of conservation of energy, and law of conservation of mass are applied to derive the equations. Consider that a saturated salinized soil column is subjected to the condition of freezing to model the moisture migration and salt transport. Both experiment and numerical simulation under the same condition are developed in the soil column. Then the moisture content and salt content between simulation and experiment are compared. The result indicates that simulation matches well with the experiment data, and after 96 hours, the temperature distribution becomes stable, freezing front reaches a stable position, and a lot of unfrozen water has time to migrate. Besides, the excess salt precipitates when the concentration is greater than the solubility, and the precipitation is distributed discontinuously. These results can provide reference for engineering geology and environmental engineering in cold region and saline soil area.
Introduction
Soil in permafrost and seasonally frozen ground is typical multiphases system. For the freezing soil, water, heat, and mechanics always interact with each other. Under the temperature gradient, moisture can be migrated. And the moisture migration may affect the change of soil pores, such as the size of pores and the pore water press, which may cause frost heave and the damage to the infrastructure [1, 2] , while for the salinized soil in cold region the soluble salt which is dissolved in the water would be transported during the water migration in the process of freezing, which can cause the secondary salinization [3, 4] . Thus the freezing of salinized soil is a complex process, which is referred to as hydrothermal-salt (HTS) process. And the salinization is an important concern since it brings the damage to agriculture, such as agricultural production and the engineering construction including building erosion and salt expansion.
The research of salinized soil includes its basic properties, salinization mechanism and assessment, the mathematical coupled model, and salinization control and improvement, in which the investigation of the coupled model is a focus in study [5] . As for the coupled process of soil that related to the freezing condition, much attention has been paid to the frost heave and the interaction among moisture heat and stress. During the freezing process, water migrates towards the freezing part constantly under the soil-water potential and results in the dynamic variation of the thermal conductivity [4, 6] . Harlan [7] derived the coupled equations and established coupled model of water and heat by finite difference method, based on which the coupled models were developed. Besides, induced by the water migration and phase change, the structure of soil would be changed, which leads to frost heave and the stress redistribution. In return, the structure changes would affect the water migration. Thus the thermal-hydromechanical models are proposed to describe 2 Mathematical Problems in Engineering the interaction of water heat and stress during freezing. And previous researches consist of the capillary model [8, 9] , segregation potential model, rigid ice model, semiempirical approaches [10] , and thermodynamical model. Konrad and Morgenstern [11] firstly proposed segregation potential model and studied the amount of water migration and frost heave behavior; then O'Neill and Miller [12] studied interaction between water and heat, proposed the rigid ice model, and modeled the formation of ice lens. Based on the rigid model, many scholars [13] started to do researches to study the coupled model in order to investigate the characteristics of frost heave, water migration, and heat transfer; thus this model was used widely. Duquennoi et al. [14] and Fremond and Mikkola [15] firstly proposed the thermodynamical model; and by using this model, they studied the change of dynamic change of water and heat in the process of soil freezing. Inspired by the thermodynamical model, Nishimura et al. [16] explored the analogy of cryogenic suction in freezing soil to matric suction in unsaturated soils and developed a thermohydromechanical coupled formulation, and Zhang and Michalowski [17] presented an elastic-plastic constitutive model to study the water and heat transfer of soil in freezing and thawing cycle. However, all of these typical models mentioned above did not address the salt transport, not to mention the precipitation.
To investigate the characteristics of water migration and salt transport of soil, a number of works have been carried out in lab experiment and modeling analysis. De Josselin De Jong [18] firstly studied the characteristics of soluble transport by analyzing the soil diffusion. Pariente [19] considered the environmental effect on soluble transport and studied dynamics of soluble salts concentration under different climatic conditions. Even though some scholars focused on the model coupled water heat and salt [20, 21] , little effort has been devoted to describe the phenomenon of precipitation in salt transport. Recently, some efforts are carried out for studying the characteristics of moisture and salt transfer [22, 23] and considering the precipitation [24] . However, all of these models were merely developed under the evaporation condition. From all the above, less effort has been made to investigate the phase transformation relationship between ice and water, the salt transport, and the precipitation under the freezing condition.
By analyzing the relationships among the different fields, this paper established coupled model of hydrothermal-salt for saturated salinized soil under the freezing condition and calculated by numerical simulation. The description of the coupled model is based on the relative volume of the soil elements. In the freezing process, soil-water potential is the driving force of water migration, which can be derived by Dancy's law and Clapyron equation. Besides, the precipitation can always be seen in the process of salt transport; the distribution of precipitation at different times has a certain characteristic; thus precipitation is considered in this study. By using the one-dimension experiment of moisture and salt transfer, the reliability of the mathematical model is demonstrated. And this study is to present an effective model to evaluate the water and salt transfer in the saturated soil under the condition of freezing for engineering purposes.
Experiment to Typical Conditions
As we know, western Jilin is one of typical seasonal frozen soil distribution areas of northeast China, which has a large amount of salinity. The climate is monsoon climate of medium latitudes. It is dry and windy in spring and autumn, and it has torrid summer and severe cold winter. The rainy season is June and August. For the strong evaporation in spring, salinity gathered and precipitated in the surface. And for the freezing effect in winter, the water migration brings the salinity to the freezing front. When spring comes, the salinity gathered once more in the surface [3] . The soil in western Jilin has massive amount of sodium and has the property of dispersity [25] . Thus soil in western Jilin has the properties of seasonally frozen soil, salinized soil, and dispersive soil. Evaporation and freezing are important reasons of soil salinization in this area. Thus to study forming mechanism of the salinized soil, water migration and salt transport in the process of freezing and evaporation need to be studied. And this paper presented an experiment and a mathematical coupled model to model the process of freezing in winter.
Experimental Material.
The soil studied in this paper is collected from the Nong'an County, western Jilin, which is showed in Figure 1 . For this area, freezing has a great influence on the soil properties. Freezing soil consists of mineral, organic matter, unfrozen water, ice, air, and microorganism. In this study, action of microorganism is ignored. The mineral and organic matter constitute soil particles. In the soil, soil skeleton is established by the soil particles. The liquid and gas are filled with the pores of the soil skeleton. For the frozen or freezing soil, ice phase needs to be taken into consideration. In this paper, a theoretical coupled model of hydrothermal-salt for saturated soil is presented; thus air is ignored. And a saturated salinized soil subjected to freezing is simulated and verified by experimental data in order to study the phase change characteristics between liquid water and ice. Figure 2 is the composition diagrammatic sketch of the saturated freezing soil and the right part of Figure 2 gives the relative volume.
In the saturated soil mass, the relationship of volume and quality between each component, including liquid water, ice, and soil particles, can be given as the following equations: 
Mathematical Problems in Engineering in which is total mass of the soil, is the mass of soil particles, uw is the mass of unfrozen water, is the total volume of the soil mass, is the volume of the pore, , , and are soil density, dry density, and soil particle density, is porosity, is the void ratio, and is the unfrozen water content.
In the process of freezing, not all the liquid water turns into ice. And some water remains unfrozen in this process. Since the content of unfrozen water depends on the soil texture (including mineral, chemical component, density, and salinity), environmental condition, history of freezing and thawing, and so forth [26] , thus unfrozen water content can be expressed using the following equation [27, 28] :
in which is the unfrozen water content; is the temperature, which is negative; and are the empirical coefficients related to the soil properties and content of salt. In this paper, = 30.29 and = −0.3569, which are tested in the previous research [29] . By converting the relative volumes of the three phases of materials the unfrozen water volume content of soil can be expressed by the following equation according to 
When the temperature is lower or equal to the freezing temperature , the unfrozen water volume content of the soil can be expressed by substituting (2) into (3):
Experimental Apparatus.
The experimental system consisted of temperature control chamber, refrigerating system, and water supply system. A schematic illustration of the experimental apparatus is shown in Figure 3 . And the oneside freezing experiment was carried out in the open system. The soil used in this experiment is salinized soil collected from western Jilin and the particle size distribution is given in Figure 4 . The maximum dry density of the soil is 1.68 g/cm 3 . Considering that the optimum water content of the soil is 22%, the soil sample is mixed with the water content of 22%. And the soil sample is compacted as a column, 20 cm in height and 5 cm in diameter. The initial concentration of the salt in the water is equal to 2.73% and the solubility of the salt is 3.9%. Before the experiment, the sample was put into a temperature control chamber for 24 h, of which the temperature was set as +2 ∘ C. Then the soil sample was conducted to the one-side freezing experiment. The top temperature of the soil column is adjusted as −5 ∘ C by the temperature control chamber A, while the temperature of the bottom is kept as +2 ∘ C. The side wall of the soil column is adiabatic. Also, solution of same concentration is applied freely at the bottom of soil column for the water supply and salt supply; namely, the water content and concentration at the bottom are invariant. The experiment last for 96 h in total. After the experiment, the sample was cut into pieces of 2 cm thickness and for the test of water content and content of salt.
According to the experiment, the dry density is 1.68 g/cm 3 and the initial water content is 22%, and the water content can be expressed as the void ratio. The initial void ratio of the soil is calculated as 0.6. In the process of the experiment, the boundary condition of bottom void ratio is set as 0.6 because it is supplied with the water. The boundary of top void ratio is set as 0.654, because the top side is frozen instantly and the water volume is considered increasing by 9%. The initial temperature of the soil is +2 ∘ C, the boundary of top temperature is −5 ∘ C, and the boundary of bottom temperature is +2 ∘ C. The initial concentration is 2.73%, and bottom concentration boundary is set as 2.73% because of the salt supply.
Theoretical Model
In order to study the coupled model, the mathematical description of water migration, heat transfer, and salt transport are presented in this section. Heat transfer obeys energy conservation, and water and salt migration obeys the law of mass conservation. A typical representative volume element (RVE) is selected in this paper to analyze, as showed in Figure 5 . Several pieces of assumption need to be developed in the process of mathematical modeling as follows:
(1) The soil studied is homogeneous and isotropic.
(2) Heat transfers in the forms of conduction and convection, irrespective of radiation.
(3) Water migration follows Darcy's law [6, 30] .
(4) The soil particle is rigid body, and its volume is constant. (5) In this coupling process, the volume change caused by frost heave and salt expansion is ignored.
Water Migration Equation.
Based on the mass conservation equation, the water migration equation in vertical direction can be expressed as
in which is the mass of the liquid water and is the mass of ice and V is the moisture migration flux.
It can also be obtained according to Figure 1 .
And based on Darcy's law, the moisture migration flux is given as
Substituting the equations of (2), (3), (4), and (5) into (1) gives
Derived from assumption (4) that the soil particles volume is constant, (8) is rearranged and showed as follows:
in which is the soil-water potential, which is the sum of gravitational potential, temperature potential, pressure potential, and solute potential; and it can be expressed as [29] = + + .
In the formula, is gravitational potential, which is linear function of the position; is the temperature potential; and represents pressure potential. The relationship between the press and temperature under the condition of phase equilibrium can be expressed by Clapeyron equation [6] . In previous research, the mathematical relationship between the temperature and pore water pressure has been derived based on Clapeyron equation, which is listed as follows [13] :
in which is the total pore pressure; it can be expressed by pore water pressure and pore ice pressure . And is the proportion coefficient, which can be expressed using void ratio as = ( (1 + )/ ) 1.5 . In this paper, soil is supposed as homogeneous, and the effect of the solute potential is ignored so that the model can be simplified, solved, and modeled. The soil-water potential can be expressed as the form of water head by dimensional transformation. In the soil, gravitational potential is the function of position; thus it can be easily treated as the water head ; according to (11) , the temperature potential and press potential can be comprehensively expressed as form of pore water pressure. The pore water pressure can be expressed as the form of water head / . Thus the soilwater potential can be given as = + .
Heat Transfer Equation.
Normally, heat transfers in three modes, which are conduction, convection, and radiation. In this study, both heat conduction at different position under the temperature gradient and heat loss caused by convection during the process of water migration are taken into consideration. It can be obtained that the relationship between the heat flux and temperature according to Fourier Law, is as follows:
Heat Conduction
Heat Convection
By using the principle of conservation of energy, onedimensional heat transfer differential equation is established:
In this equation, the first item in the left side is the total heat change in the representative volume element; and the second item is heat loss caused by phase change. is phase change latent heat = 334.56 J/g; is thermal conductivity coefficient and is expressed as = 1/(1+ ) (1+ )/(1+ ) ( − (1+ ))/(1+ ) , in which is the soil particles thermal conductivity, is thermal conductivity of water, and is thermal conductivity of ice; is the specific heat and can be calculated as = (1/(1 + ))[ + (1 + )
, in which is the soil particles specific heat, is water specific heat, and is ice specific heat, respectively.
Substituting (6) and , into (17) gives
Solute Transport Equation.
Solute transport process is supposed to be dissolved into water. In the process of solute transport, if the solute concentration is over its solubility, the excess salt cannot dissolve into water; and a small part of the excess salt is free in the solvent, while most of the excess salt will be precipitated. Considering the phenomenon of precipitation in solute transport, the solute transport equation is described as follows:
in which the item of the left side is solute transport rate; and the first item in the right side is advection, the second item is hydrodynamic dispersion, the third item is precipitation, respectively, and is the diffusive coefficient = 5 × 10 −11 ⋅ , where is the unfrozen water content and is the coefficient of mechanical dispersion, which can be calculated by = 0.35V [4] . On the basis of Figure 6 and allowing solute concentration to exceed the solubility, the total salt mass per unit volume of soil can be expressed as
In this equation, is the slope of the precipitation part, and this part can be considered as a virtual medium. In this paper, the slope of this virtual medium can be set as a large value; and in modeling, value of the slope is suggested as 1000 kg⋅m −3 . Besides, the excess salt mass that precipitates per unit volume of soil gives
Relationship of Water, Heat, and Salt.
In freezing process, water, heat, and salt interact. With the temperature gradient, heat transfers from the high temperature to the low temperature. And the unfrozen water migrates from the high temperature to the low temperature and gathers around the freezing front under the temperature gradient. In the water migration, the salt is dissolved in the water and transported. In addition, water migration can affect heat transfer because of the heat convection and phases change in the process of freezing. To illustrate the interactive mechanism, the coupled model of hydrothermal-salt for saturated freezing salinized soil is presented in mathematics as the following governing equations.
Simulation to the Typical Conditions

Numerical Simulation.
Based on the coupled model on water heat and salt of salinized soil, this paper analyzed the process by applying finite element software COMSOL Multiphysics. The initial conditions and boundary conditions of simulation were the same as those of the experiment, which are as follows:
∘ C, and | =0 = 2.73%, where is the freezing time and is the position. According to the first assumption, material and heat migration in horizontal direction are ignored, and this can be treated as one-dimensional material and heat migration problem. In this numerical simulation, 200 elements are generated along with the soil column direction, calculating step length is 1 h, and freezing time is 96 h. By transient analysis, the simulation results of water distribution, temperature distribution, and salt distribution are obtained. The initial permeability value is measured in the laboratory. The soil particles thermal conductivity is obtained in the laboratory, and the water thermal conductivity and ice thermal conductivity are constant. The soil particles specific heat is obtained in the laboratory, and water specific heat and ice specific heat are constant. is the phase change latent heat and it is constant. All the values of parameters in numerical simulation are showed in Table 1 . Besides, permeability is a function of temperature in freezing soil [6, 12] , which can be expressed as
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Results and Discussion
Temperature Field Analysis.
Temperature distribution in the process of freezing is showed in Figure 7 . According to Figure 7 , it is obvious that the initial temperature of the top side is −5 ∘ C, and the freezing front is close to the top surface at beginning. With the freezing time increasing, the freezing front constantly moves down along with the soil column, leading to the increase of frozen area and decrease of unfrozen area. When the freezing time reaches 96 h, distribution characteristics of temperature along the column tend to be stable. The dynamic changes of the temperature distribution at different time can also be observed. Within the first 16 h, the distribution of temperature changes a lot, while after 16 h, the distribution of temperature changes not that obvious. Also, it can be easily found that every curve has an inflexion, which reflects the freezing front and the boundary between frozen zone and unfrozen zone; it is frozen zone above this position and it is unfrozen zone below this position. As time increases, the inflexion point moves down along with the column, which indicates that the freezing front moves down with time going. Besides, the inflexion also reflects that the temperature gradient of the frozen zone is higher than that of unfrozen zone.
Moisture Field Analysis.
With one-side freezing, moisture in the soil migrates continually under the driving force of soil-water potential. Figure 8 gives the simulated distribution of the water content, and it can be observed from Figure 8 that the water content of the upper part is increasing; meanwhile, the water content decreases in the lower part. As a result, the simulation result indicates that with freezing time increasing the frozen area increases and unfrozen area decreases. Water migrates from unfrozen zone to the freezing front, and the freezing front moves down continually; thus moisture content of the frozen zone increases. When freezing time reaches 64 h, it can be found that a large amount of water migrates to the frozen zone. It is because the temperature gradient of frozen zone becomes smaller and smaller after 64 h, distribution of temperature tends to be stable, and the freezing front moves slowly. Thus there is relative more time for unfrozen water to migrate. Similarly, it can also be observed that the freezing front continually moves downwards. At all the time, the water under the freezing front migrates to the frozen zone. When the freezing time reaches 96 h, moisture content at the position around 7 cm is the highest; the reason is that the distribution of the temperature approximates to being linear and tends to be stable after 96 h. Besides, the temperature of 7 cm is close to the freezing front, and it also tends to be stable at this position. Thus lots of water has enough time to migrate to this freezing front. Figure 9 gives the compared result of moisture content after the experiment. After 96 h, the distribution along the soil column is stable. It can be seen that moisture content of the soil column increases, and the moisture content at the height of 7 cm is the highest, which indicated that simulation results agree well with the experimental results. In order to study the characteristics of water migration, the pore size distribution of the specimen before freezing is tested by using the AUTO-PORE 9500 Mercury injection apparatus. After the experiment, a typical soil specimen at 11 cm is also cut for testing the pore size distribution. Figure 10(a) gives the pore size distribution curves of specimens before and after the freezing experiment. It can be seen that the proportion of the pores at the size of 0.8∼10 m decreases obviously, but the proportion of the pores at the size of 0.03∼0.8 m increases after the freezing experiment. As we know, the capillary size is mainly at the range of 2∼500 m [31] ; thus the large amount of water migration is caused by bound water migration rather than capillary water rise, which is similar to results presented by Yu [4] . To get deepened understanding of the pore size change characteristics, different partition methods have been proposed based on the pore size [32] . According to the literature [33] , the pore of the clay can be divided into micropore (<0.04 m), fine pore (0.04∼0.4 m), mesopore (0.4 m∼4 m), large pore (4 m∼ 40 m), and macropore (>40 m). In the freezing process, water migrates through the soil and affects the soil structure by affecting the pore size. Instructed by this partition method, the pore distributions of different sections are also showed in Figure 10 (b), indicating that the proportions of the fine pore and mesopore decrease, but the proportions of the micropore increase after freezing. Due to the increasing proportion of micropore, the bound water migrates massively through the micropore, leading to the increase of water content in the frozen zone.
Salt Field Analysis.
Based on the research of salinized soil, salt field of the soil is simulated according to the coupled equation, and the transfer characteristic of salt in the process of freezing is obtained. Solute transports in two types of modes, which are advection and hydrodynamic dispersion. soil column at different freezing times. The distribution characteristic of the salt is consistent with that of the water content. From Figure 12 , it can be observed that salt content of the upper part increases; similarly, the content of salt in the unfrozen zone is decreasing. Therefore, simulation of salt transfer indicates that with the freezing time increasing salt of the unfrozen zone gradually transfers to the frozen zone, leading to the content of salt increases in frozen zone. Compare Figures 8 and 11 ; the migration characteristics of water and salt are similar. Thus the salt migrates mainly with water migration. However, at the beginning of freezing, salt migrates a lot but water migrates a little. It is because the salt migration includes not only advection but also hydrodynamic dispersion. Figure 12 shows the compared result of simulation and experiment after freezing 96 h. It can be found that the simulation result tallies with the experiment data well. And in the unfrozen zone, the experimental result shows that salt concentration increases with the height increasing, which indicates salt still migrates upwards. In the soil column, 5 typical positions are selected to illustrate the dynamic changes of salt concentration. As showed in Figure 13 , salt concentration in the position of 18 cm decreases at beginning and increases after 2 h. This is because the freezing front moves downwards, and within 2 h, it is above 18 cm, which leads to salt concentration decrease at this position. After 2 h, freezing front reaches 18 cm; water and salt begin to migrate to the new freezing front, leading to salt concentration increase. In the process of freezing, freezing front keeps moving down and the salt concentration becomes stable when freezing front moved down to another position. Similarly, salt concentration in the positions of 14 cm and 10 cm decreases at first and then increases. It is obtained from Figure 6 that, after 96 h, temperature distribution tends to be linear and freezing front is around the position of 7 cm. The part below 7 cm in the soil column is unfrozen all the time; thus salt in this part migrates upwards all the time.
As we know, solute would precipitate when the concentration exceeds its solubility, and this paper takes the precipitation of the salt into consideration. In the process of salt transport, when the concentration of one position is over the solubility, it would be judged as precipitation. Figure 14 gives the simulated distribution of precipitation along with the soil column after 96 h between experiment and the simulation. With the freezing time increasing, the position of precipitation is distributed in the frozen zone. Similar to water content distribution, a lot of salt precipitates after 96 h, and most precipitations are above the height of 7 cm. In the process of migration, the salt migrates as solute in the water. The freezing front moves slowly when freezing time is close to 96 h; water and salt migrate continually to the height of 7 cm. Most of the water in this position would become ice; thus a amount of salt would precipitate above this position. From the photo of experiment, precipitation can be seen obviously above the position of 7 cm. Compared with the experiment result, the simulation agrees well. In this study, a mathematical model of moisture migration and salt transport in freezing saturated soil was presented and verified by the experimental result. Therefore, this model can be applied for calculations with the relevant calculation parameters.
Conclusions
On the basis of conservation of energy, conservation of mass, Darcy's law, and Clapeyron equation, this paper derived water migration equation, heat transfer equation, and solute transport equation and established the coupled model of hydrothermal-salt for saturated salinized soil under the freezing condition. In this model, precipitation phenomenon during the coupling process is considered. And the model is verified by the numerical simulations and laboratory experiment. Based on the analysis above, some conclusions can be drawn as follows.
(1) In the process of freezing, the different temperature gradients reflect the boundary between frozen zone and unfrozen zone. Unfrozen water always migrates to freezing front and the freezing front moves downwards, which leads to increase of water content in frozen zone. In this paper, when the freezing time reaches a certain time, the distribution of temperature tends to be stable, the freezing front is around 7 cm, and the unfrozen water migrates to the freezing front continually. The particle size distribution before and after the freezing experiment indicates that the proportion of the micropore increases and the water content increase is caused by bound water migration.
(2) In simulation, transport characteristic of salt is similar to the migration characteristic of water. Salt also transports upwards, leading to increase in the salt concentration of frozen zone. During freezing, excess salt will be precipitated if salt concentration is greater than solubility and the precipitation would be distributed discontinuously along with the salt in freezing.
(3) The mathematical model is verified by the experimental data. And the simulation results show that the moisture content, content of soluble salt, and the positions of precipitation are generally consistent with the experimental results and laid the foundation for calculation of coupled moisture and salt in the freezing soil.
(4) This paper proposed a coupled model of water, heat, and salt for the salinized soil, verified by the numerical simulations and laboratory experiment. The author will study the engineering effect and disastrous evolution mechanism by studying the process coupling water heat salt and stress in the further study.
And the author will consider the pore size distribution change caused by frost heave and salt expansion during freezing and verify its validity through the experiment. Moisture migration flux.
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